Published by Institute of Physics Publishing for SISSA Received: August 29, 2005 Revised: October 15, 2005 Accepted: November 2, 2005 Published: November 14, 2005

The algebra of flat currents for the string on AdS_5 × S^5 in the light-cone gauge

Ashok Das, Arsen Melikyan and Matsuo Sato

Department of Physics and Astronomy, University of Rochester Rochester, NY 14627-0171, U.S.A.

E-mail: das@pas.rochester.edu, arsen@pas.rochester.edu,

sato@pas.rochester.edu

Abstract: We continue the program initiated in [41] and calculate the algebra of the flat currents for the string on AdS_5 × S^5 background in the light-cone gauge with κ symmetry fixed. We find that the algebra has a closed form and that the non-ultralocal terms come with a weight factor e^{ϕ(σ)} that depends on the radial AdS_5 coordinate. Based on results in two-dimensional sigma models coupled to gravity via the dilaton field, this suggests that the algebra of transition matrices in the present case is likely to be unambigous.

Keywords: Integrable Field Theories, AdS-CFT and dS-CFT Correspondence, Sigma Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep112005015 /jhep112005015 .pdf

Contents

1. Introduction 1

2. Review of the superstring on AdS_5 × S^5 4

3. Light-cone gauge fixed string action on AdS_5 × S^5 7

4. Algebra of currents without the spectral parameter 10

5. Algebra of currents with the spectral parameter 14

6. Conclusion 15

A. Properties of psu(2, 2|4) 16

B. Properties of so(3, 1) ⊕ su(4) 18

C. {A^a, B^b}_D 18

D. {A^a, A^b}_D 20

E. Expression for (S^5) 21

1. Introduction

Recently there has been much interest in studying the integrable structures of the N = 4 SYM theory as well as of strings propagating on the AdS_5 × S^5 background with the goal of gaining a deeper insight into the AdS/CF T correspondence [1 – 4]. In this context, significant progress has been made on the SYM side in determining the anomalous dimensions of conformal operators and comparing them with the energy spectrum of the string states [5 – 28] (for recent reviews see [29 – 34] and references therein). It is becoming increasingly evident from the recent developments in this direction that the Bethe ansatz provides the main scheme suitable for understanding the quantum integrability of this system. On the gauge theory side, the Bethe ansatz is known up to three-loop order in the su(2) sector and more recently has been generalized to all-loop order in [35, 36]. On the string side, it was clarified in [37, 38] how classical Bethe type equations appear in the su(2) sub-sector of the string. Their relation with that of the spin chain on the SYM side at one loop order is then established in the scaling limit when the effective coupling constant λ/L^2 −→ 0. Intuitively, it is reasonable to expect that in parallel to what happens in the

– 1 – gauge theory side, there exists some discretized version of the Bethe ansatz for the quantum string leading to correct results in the classical limit. Indeed, a major progress in this direction has been made in [39] where such a remarkable consistent discretization has been constructed. The origin of this construction, however, is not well understood, and it is not obvious how to derive such discrete Bethe equations in general, although there exist some helpful clues in the su(2) sector considered in [37]. Indeed, the sigma-model string action on AdS_1 ×S^3 takes a particularly simple form, and when subjected to the Virasoro constraints, this model coincides with the interacting two-spin model of Faddeev-Reshetikhin which is known to be quantum integrable [40]. In the su(2) sub-sector of the string, it is obvious that the Virasoro constraints play a crucial role. It is not clear, however, whether a similar simplification may arise for the string on AdS_5 × S^5 as well.

It is well known that sigma models (both bosonic as well as supersymmetric) lead to a classical current algebra (Poisson bracket algebra) that involves Schwinger terms (derivatives of delta function which are also known as non-ultralocal terms). In an earlier paper [41] the presence of such terms in the classical current algebra has been explicitly verified for the string on AdS_5 × S^5. Even if one sets the fermions of the theory to zero (thus temporarily avoiding the technical difficulties associated with the local κ -symmetry), the classical current algebra which has a closed form contains Schwinger (non-ultralocal) terms. It is known [42] that in the principal chiral model in flat space-time, such terms lead to difficulties (nonuniqueness) in the calculation of the algebra of the monodromy matrices which is essential for the quantization of the model and generally one needs a regularization procedure to define this algebra. One interesting (but not well-understood) method to deal with such difficulties was proposed by Faddeev and Reshetikhin (F R) [40] and involves reducing (by hand) the original theory to the one of the two interacting spins where the classical current algebra does not have non-ultralocal terms. The original classical current algebra is then argued to be recovered in a rather special limiting procedure in the quantum version of the reduced model. In the su(2) sub-sector considered in [37], the Virasoro constraints effectively remove these non-ultralocal terms. One may, then, ask whether the Virasoro constraints alone are powerful enough to provide a consistent reduction of the full AdS_5 × S^5 sector to a F R type model, and whether this depends in any way on the gauge-fixing scheme. The answer to this is not at all obvious because of subtleties in gauge fixing in a curved background. We would also like to point out here another relevant interesting phenomenon which occurs in the 2-dimensional sigma model coupled to gravity through the dilaton field [43]. Here, due to the fact that the spectral parameter is a local function of the world-sheet and explicitly depends on the dilaton field through ρ(x) ∼ e^ϕ , the non-ultralocal terms in the current algebra are manageable and the algebra of the monodromy matrices is well defined. Basically, in this case the dilaton field regularizes the difficulties arising from the non-ultralocal terms in the classical current algebra. However, because of conformal invariance, the string on AdS_5 × S^5 has no coupling to the dilaton and as a result this simple feature of sigma models on a curved background cannot be directly used in the calculation of the algebra of the monodromy matrices. In this note we will explore the integrability properties of the string on AdS_5 × S^5 background in the light-cone gauge and attempt to explicitly calculate the current algebra. We will show that

– 2 – in the light-cone gauge similar effective dependence on the radial coordinate of AdS_5 also arises in the algebra of currents for the string on AdS_5 × S^5 which may be helpful in the calculation of the algebra of the monodromy matrices (and, therefore, in the quantization of the model).

One of the main motivations for choosing the light-cone gauge is to simplify the covariant superstring action thereby making it more amenable for algebraic calculations. The covariant Green-Schwarz formulation of the string on AdS_5 × S^5 background [44], for example, is a non-linear sigma model on the supercoset^{PSU(2,2|4)}_{SO(4,1)×SO(5)} and the action is rather formidable. For instance, because of κ symmetry as well as reparameterization invariance, the action contains fermionic terms up to order θ^{32} which makes it rather impractical. It is therefore necessary to fix these local symmetries. Indeed, as shown in [45, 46] the superstring on AdS_5 × S^5 background significantly simplifies if one employs the Killing gauge for the κ-symmetry: the resulting action will be limited to order θ^4 in the fermionic terms. Past experience with strings propagating in a flat background suggests that the light-cone gauge may be the most appropriate if one has to quantize the string on AdS_5 × S^5 background.^1 This can be easily seen from the point of view of the hamiltonian analysis of the covariant superstring. The fermionic constraints of the theory resulting from the κ-symmetry lead to a complicated mixture of the first and second class constraints which are impossible to disentangle covariantly. As a result, the fundamental Dirac brackets for the theory are hard to construct.^2 On the other hand, the fundamental Dirac brackets are absolutely necessary to determine the classical r-matrix. The only solution, therefore, is to fix appropriately the κ-symmetry and this can be conveniently done in the light-cone gauge.

Our main goal lies in calculating the algebra of the flat currents depending only on the physical fields (variables). It is clear from the above discussion, that in order to do this, we must fix both the bosonic reparameterization invariance (with the light-cone gauge) as well as the local κ-symmetry. The consistent light-cone formulation of the string on AdS_5 × S^5 background has been discussed by Metsaev and Tseytlin in [48] and further elaborated using phase space lagrangian in [49]. We mention here only one important feature of this gauge fixing that will play a significant role in our calculations. Namely, unlike in the flat space case, it is impossible to fix simultaneously the conventional bosonic light-cone gauge x^+ = τ and g^{μν} = η^{μν} , μ, ν = 0, 1 consistent with the equations of motion for the string on the AdS_5 × S^5 background [50, 51]. Instead one can choose x^+ = τ, P^+ = const in the phase space, which translates into h^{00} = −p^+, h^{11} = (p^+)^{−1} e^{4ϕ} , h^{01} = h^{10} = 0 � h^{μν} ≡ √ −gg^{μν} e^{2ϕ} � , in the coordinate space. As discussed in [52] the Virasoro constraints do not follow from the Lax representation of the sigma model and have to be considered separately, and this particular gauge choice corresponds to solving the Virasoro constraints explicitly. It is this feature of the light-cone gauge that leads to the appearance of the e^ϕ factor in the non-ultralocal terms in the current algebra.

1Light cone gauge is also useful in the study of the N = 4 super Yang-Mills theory, which can be formulated on superspace in the light cone gauge. By using such a formulation, integrability of the anomalous dimension in the SL(2) sector at one and two loops has been studied for SYM theory in [26, 27, 34, 28].

2There has been, however, some progress in covariant quantization using the pure spinor formalism (for a review see [47]).

– 3 –

The paper is organized as follows. In section 2 we briefly summarize the main properties of the superstring on the AdS_5×S^5 background. In section 3 we review the necessary results in the light-cone gauge that are used in our calculations. In section 4 we present the algebra of currents without the spectral parameter in the light-cone gauge and show that is has a closed form. In section 5 we present the algebra of currents with the spectral parameter in the light-cone gauge. Here, we find that, in general, the algebra is also closed. We also point out that potentially dangerous non-ultralocal terms in the algebra come with a weight factor proportional to e^{ϕ(σ)} . This, therefore, is likely to lead to an unambiguous algebra for the transition matrices. In appendices A–E we present all the technical details that are not given in the main text.

2. Review of the superstring on AdS_5 × S^5

We summarize here some of the basic properties of the type-IIB Green-Schwarz superstring action on the AdS_5 × S^5 background [45, 46, 48, 53]. The superstring can be defined as a non-linear sigma model on the coset superspace G H = PSU(2, 2|4) SO(4, 1) × SO(5)

. (2.1)

The classical action has the Wess-Zumino-Witten form

S = − 1 2 � ∂M^3

d^2σ √ −gg^{μν} � L^Â_μ L^Â_ν � + i � M^3

s^{IJ} � L^Â ∧ L^Iγ̂^Â ∧ L^J � , (2.2)

where g^{μν} , μ, ν = 0, 1 represents the worldsheet metric, Â = (A, A^′) with A = (0, . . . , 4) and A^′ = (5, . . . , 9) denotes the tangent space indices for AdS_5 and S^5 respectively, s^{IJ} = diag(1, −1), I, J = (1, 2); γ̂^A ≡ γ^A, γ̂^{A′} ≡ iγ^{A′} (γ^{(A,A′)} represent ten dimensional Dirac matrices), s^{IJ} = diag(1, −1), I, J = (1, 2). We use the convention that repeated indices are summed. The supervielbeins L^Â and L^I are defined by the left-invariant Cartan 1-forms in the so(4, 1) ⊕ so(5) basis of psu(2, 2|4) (lower case letters denote Lie algebras) as follows

G^{−1} dG = L̂^AP̂_A + L^{A′} P_A′ + 1 2 L̂^{AB}Ĵ_{AB} + 1 2 L^{A′B′} J_A′_B′ + L^{αα ′I} Q_{αα} ′_I , (2.3)

where α, α^′ = 1, 2, . . . , 32 L^Â = � L̂A, LA^′ � and with

L^Â = dX^M L^Â_M , (2.4)

and X^M = (x, θ^I ) represent the bosonic and fermionic string coordinates in the target space.

By solving the Cartan-Maurer equation (zero curvature condition) one can explicitly determine

L^I = � sinh M M � Dθ �_I ,

– 4 –

L^Â = e^Â(x)dx − iθγ^Â � � sinh M/2 M/2 �_2 Dθ � , (2.5)

where � M^2

�_{IJ}

= ϵ^{IK} � −γ^Aθ^Kθ̄^J γ^A + γ^{A′} θ^Kθ̄^J γ^{A′} � + 1 2 ϵ^{KJ} � γ^{AB} θ^Iθ̄^K γ^{AB} − γ^{A′B′} θ^Iθ̄^Kγ^{A′B′} � . (2.6) Denoting by � e^Â, ω^{ÂB̂} � the bosonic vielbein and the spin connection respectively, the covariant differential of the fermions is given by

(Dθ)^I = � δ^{IJ} � d + 1 4 ω^{ÂB̂}γ_{ÂB̂} � − i 2 ϵ^{IJ} e^Âγ_Â � θ^J . (2.7)

The equations of motion following from action (2.2) take the forms √ −gg^{μν} � ∇_μ L̂^A_ν + L̂^{AB}_μ L̂^B_ν � + iϵ^{μν} s^{IJ}L̄^I_μ γ^AL^J_ν = 0 , (2.8) √ −gg^{μν} � ∇_μ L^{A′}_ν + L^{A′B′}_μ L^{B′}_ν � − ϵ^{μν} s^{IJ}L̄^I_μ γ^{A′} L^J_ν = 0 , (2.9) � γ^AL^A_μ + iγ^{A′} L^{A′}_μ

� �√ −gg^{μν} δ^{IJ} − ϵ^{μν} s^{IJ} � L^J_ν = 0 , (2.10)

with ∇_μ representing the covariant derivative on the worldsheet.

To consider the integrability properties of the sigma model we will need some of the properties of the superalgebra psu(2, 2|4) which we briefly review in appendix A. Let us consider the map G from the string worldsheet into the graded group PSU(2, 2|4). In this case, the current 1-form J = −G^{−1} dG belongs to the superalgebra and, therefore, can be decomposed as J = −G^{−1} dG = H + P + Q^1 + Q^2 , (2.11)

where, using the notations in appendix A, we can identify

H = H_0 , Q^1 = H_1 , P = H_2 , Q^2 = H_3 . (2.12)

In terms of L^Â, L^{ÂB̂} and L^I one can also read off the following expressions using (2.3): H = 1 2 L̂^{AB}Ĵ_{AB} + 1 2 L^{A′B′} J_A′_B′ ,

P = L̂^AP̂_A + L^{A′} P_A′ , Q^I = L^{αα ′I} Q_{αα} ′_I . (2.13)

From the definition of the current in (2.11), we see that it satisfies the zero curvature condition dJ − J ∧ J = 0 . (2.14)

In terms of the components of the current (2.12), the equations of motion can be written as [7]

d^∗P =^∗P ∧ H + H ∧^∗P + 1 2 � Q ∧ Q^′ + Q^′ ∧ Q � ,

– 5 –

0 = P ∧ (^∗Q − Q^′) + (^∗Q − Q^′) ∧ P , 0 = P ∧ (Q −^∗Q^′) + (Q −^∗Q^′) ∧ P , (2.15)

where^∗ denotes the Hodge star operation and we have defined Q ≡ Q^1 +Q^2, Q^′ ≡ Q^1 −Q^2.

Classical integrability is established by writing down a one parameter family of currents Ĵ(t) ≡ − Ĝ−1 (t)dĜ(t), where t is a constant spectral parameter, satisfying the flatness condition [7]. We will use here the convenient form of the one parameter family of currents presented in [41] (here we are suppressing the dependence on the worldsheet coordinates of all variables)

Ĵ(t) = H + 1 + t^2 1 − t^2 P + 2t 1 − t^2

∗P + � 1 1 − t^2 Q + � t^2 1 − t^2

Q^′ , (2.16)

such that Ĵ(t = 0) = J of (2.11). It is easy to check that the vanishing curvature condition for this new current dĴ − Ĵ ∧ Ĵ = 0 , (2.17)

leads to all the equations of motion (2.15) as well as the zero curvature condition (2.14).

The sigma model action which leads to the equations of motion (2.15) has the form S = 1 2 � str � P ∧^∗P − Q^1 ∧ Q^2 � , (2.18)

The constraint analysis for this theory can be carried out in a straight forward manner and the resulting hamiltonian including the primary constraints has the form [41]

H_T = str � 1 2 � P^2_0 + P^2_1 � + λ_1φ_1 + λ_2φ_2 + λ_3φ_3 � , (2.19)

where λ_1, λ_2 and λ_3 denote the Lagrange multipliers corresponding to the three primary constraints

φ_1 = −∂_1P_H + [H_1, P_H ] + [P_1, P] + [Q^1, P_Q2 ] + [Q^2_1, P_Q1 ] ≈ 0 , (2.20)

φ_2 = − 1 2 Q^1 − ∂_1P_Q1 + [H_1, P_Q1 ] + [P_1, P_Q2 ] + [Q^1, P_H ] + [Q^2_1, P_P ] ≈ 0 , (2.21)

φ_3 = 1 2 Q^2_1 − ∂_1P_Q2 + [H_1, P_Q2 ] + [P_1, P_Q1 ] + [Q^1, P_P ] + [Q^2_1, P_H ] ≈ 0 . (2.22)

Here P denotes the canonical momenta corresponding to the respective variables. The first constraint φ_1 is easily checked to be stationary under the evolution of the system while requiring the constraints φ_2, φ_3 to be stationary determines two of the Lagrange multipliers to correspond to λ_2 = −Q^2_1 , λ_3 = Q^1 . (2.23)

In the conformal gauge adopted in [41] the three primary constraints (φ_1, φ_2, φ_3) should be supplemented with the standard Virasoro constraints, which in the present notation take the forms

φ_4 = 1 2 str(P^2_0 + P^2_1 ) ≈ 0 , (2.24)

– 6 – φ_5 = str(P_0P_1) ≈ 0 , (2.25)

As explained in [41] it is, however, a linear combination of these constraints, namely,

φ̄_4 = φ_4 + str (λ_2φ_2 + λ_3φ_3) ≈ 0 , φ̄_5 = φ_5 − str (λ_2φ_2 − λ_3φ_3) ≈ 0 , (2.26)

which can be easily checked to correspond to first class constraints and generate the transformations associated with the reparameterization invariance. The two fermionic constraints (φ_2, φ_3) are reducible with half of them being first class constraints responsible for the κ-symmetry. It is however not possible to split (φ_2, φ_3) into the first and second classes in a covariant manner. As a result, one cannot carry out the standard procedure for determining the fundamental Dirac brackets of the theory. Therefore, we are forced to give up covariant quantization and consider instead a gauge fixed theory. The most convenient and simple choice from our point of view seems to be the light-cone gauge fixed action discussed by [48] and later presented in the phase-space lagrangian formalism in [49]. In the next section we give only a short description of the key features (relevant for our work) of the light-cone gauge fixed string on AdS_5 × S^5, referring the reader to the original papers [48] and [49] for details.

3. Light-cone gauge fixed string action on AdS_5 × S^5

The first step in fixing the light-cone gauge is to re-write the Cartan 1-forms, given in (2.4) in the so(4, 1) ⊕ so(5) basis, in the so(3, 1) ⊕ su(4) basis. The explicit transformation is described in detail in [48]. We restrict here our discussion to the bosonic case for simplicity. In this basis, the bosonic part of the Cartan 1-form takes the form � G^{−1} dG � bosonic = L a P P_a + L^a_K K_a + L_DD + 1 2 L^{ab}J_{ab} + L^i_jJ^j_i , (3.1)

where the index A splits into (a, 4) and the new generators correspond to those for translations, conformal boosts, dilatation

P^a = P̂^a + Ĵ^{4a} , K^a = 1 2 � − P̂^a + Ĵ^{4a} � , D = − P̂^4 , J^{ab} = Ĵ^{ab} , (3.2)

and the su(4) generators

J^i_j = − i 2 � γ^{A′}

�_i j P^{A′} + 1 4 � γ^{A′B′}

�_i j J^{A′B′} . (3.3)

In appendix B we list some relations between the old and the new basis. These bosonic generators form the so(4, 2) ⊕ so(6) subalgebra of psu(2, 2|4). In the light-cone coordinates

x^a = � x^+, x^− , x,x̄ � , x^± ≡ 1 √ 2 � x^3 ± x^0 � , (x,x̄) ≡ 1 √ 2 � x^1 ± ix^2 � , (3.4)

– 7 – the above generators � P^a, J^{ab}, K^a � split as � P^± , P ≡ P^x, P̄ ≡ P^{x̄} , J^{±x} , J^{±x̄} , J^{+−} , J^{xx̄} , K ≡ K^x, K^± , K̄ ≡ K^{x̄} � . (3.5)

Since the metric in the light-cone coordinates is not diagonal, the scalar product takes the form A^aB_a = A^+B^− + A^− B^+ + A^xB^{x̄} + A^{x̄} B^x . (3.6)

The fermionic generators in these coordinates split into two sets of supercharges — regular and conformal Q^{±i} , Q^±_i , S^{±i} , S^±_i . (3.7)

Finally, to fix the κ−symmetry one chooses a specific representative of the supercoset

PSU(2,2|4) SO(4,1)×SO(5) parametrized by the coordinates � x^a, y^i_j, ϕ, θ^{±i} , θ^±_i , η^{±i} , η^±_i � in the following form:

G = G_{x,θ}G_η G_yG_ϕ , (3.8)

where

G_{x,θ} = exp � x^aP_a + θ^{−i} Q^+_i + θ^{+i}Q^−_i + θ^−_i Q^{+i} + θ^+_i Q^{−i} � , G_η = exp � η^{−i} S^+_i + η^{+i}S^−_i + η^−_i S^{+i} + η^+_i S^{−i} � , G_y = exp � y^i_jJ^j_i � , G_ϕ = exp (ϕD) , (3.9)

where the S^5 coordinates y^{A′} appear through y^i_j ≡^i_2 � γ^{A′}

�_i j y^{A′} . Analogous to the flat space case, the κ symmetry is then fixed by setting the positive components of the spinors to zero θ^{+i} = θ^+_i = η^{+i} = η^+_i = 0 . (3.10)

The coset space representative (3.9) will, as a result, take a simpler form, and the corresponding Cartan 1-forms can be written down in the explicit form (see also the next section). The Cartan 1-forms associated with the bosonic sector are given by [48]:

L^+_P = e^ϕ dx^+ , L^−_P = e^ϕ � dx^− − i 2 ~θ^id~θ_i − i 2 ~θ_id~θ^i � , L^x_P = e^ϕ dx , L^{x̄}_P = e^ϕ dx̄ , L_D = dϕ ,

L^i_j = � dUU^{−1}

�_i j + i � ~η^i ~η_j − 1 4 ~η^2δ^i_j � dx^+ , (3.11)

while the fermionic ones have the following form:

L^−_K = e^{−ϕ} � 1 4 � ~η^2

�_2

dx^+ + i 2 ~η^id~η_i + i 2 ~η_id~η^i � , L^{−i}_Q = e^{ϕ2} � d~θ^i + i~η^idx � , L^−_{Qi} = e^{ϕ2} � d~θ_i − i~η_idx̄ � , L^{+i}_Q = −ie^{ϕ2} ~η^idx^+ , L^+_{Qi} = ie^{ϕ2} ~η_idx^+ ,

– 8 –

L^{−i}_S = e^{− ϕ2} � d~η^i + i 2 ~η^2 ~η^idx^+ � , L^−_{Si} = e^{− ϕ2} � d~η_i − i 2 ~η^2 ~η_idx^+ � , (3.12)

where for simplicity we have defined

θ^i ≡ θ^{−i} , η^i ≡ η^{−i} , θ_i ≡ θ^−_i , η_i ≡ η^−_i , ~θ^i ≡ U^i_j θ^j , ~θ_i ≡ θ_j(U^{−1} )^j_i . (3.13)

The matrix U^i_j has the following explicit dependence on coordinates u^M (M = 1 . . . 6) parameterizing^3 the sphere S^5

U^i_j = ρ^{6ik} � ρ^6_{kj} + ρ^M_{kj} u^M � √ 2 √ 1 + u^6 , � U^{−1}

�_i j = � ρ^{6ik} + ρ^{Mik}u^M � ρ^6_{kj} √ 2 √ 1 + u^6

. (3.14)

Here ρ^M_{kj} are matrices satisfying

ρ^M ρ^N + ρ^N ρ^M = 2δ^{MN} , (3.15) ρ^M = � ρ^M

�_{ij}

, ρ^M = � ρ^M � ij ,

ρ̂^{MN} = 1 2 � ρ^M ρ^N − ρ^N ρ^M � , (3.16)

ρ^{MN} = 1 2 � ρ^M ρ^N − ρ^N ρ^M � . (3.17)

The gauge-fixed lagrangian density, in these coordinates and notations, takes the form

L = − √ −gg^{μν} � e^{2ϕ} � ∂_μ x^+∂_ν x^− + ∂_μ x∂_νx̄ � + 1 2 ∂_μ ϕ∂_ν ϕ + 1 2 D_μ u^M D_ν u^M � − − i 2 √ −gg^{μν} e^{2ϕ} ∂_μ x^+ � θ^i∂_ν θ_i + η^i∂_ν η_i + θ_i∂_ν θ^i + η_i∂_ν η^i + ie^{2ϕ} ∂_ν x^+ � η^2

�_2� + +ϵ^{μν} e^{2ϕ} ∂_μ x^+η^i � ρ^M � ij u^M � ∂_ν θ^j − i √ 2e^ϕ η^j ∂_ν x � + h.c. , (3.18)

where D_μ u^M ≡ ∂_μ u^M + ie^{2ϕ} η_i � ρ^{MN}

�_i j η^j u^N ∂_μ x^+ . (3.19)

The next step is to derive the set of constraints as well as the hamiltonian. This analysis is best carried out in the (mixed) phase-space lagrangian formalism [49]. The advantage of this method is that it allows us to choose the conventional bosonic gauge

x^+ = τ , P^+ = const. , (3.20)

where P^+ is the conjugate momentum for x^− . In the flat space this translates into the usual light-cone gauge fixing in the coordinate space which is not generally consistent in a

3The metric on AdS5 ×S^5 is chosen to be of the form ds^2 = e^{2ϕ} dx^Adx^A +(dϕ)^2 +du^M du^M , u^M u^M = 1.

– 9 – curved background [50, 51]. For the present case of the AdS_5 × S^5 background, imposing the condition (3.20) in the phase space is equivalent in the coordinate space to identifying

h^{00} = −p^+ , h^{11} = � p^+

�_{−1}

e^{4ϕ} , h^{01} = h^{10} = 0 , (3.21)

where h^{μν} ≡ √ −gg^{μν} e^{2ϕ} . (3.22)

Another advantage of the phase-space lagrangian is that one can easily perform explicit integration over some of the degrees of freedom, avoiding subtleties [51] associated with the ghost fields.

Even after the reparametrization and κ-symmetries are fixed, there remain some residual fermionic and bosonic constraints (e.g. u^M u^M = 1) and it is necessary to evaluate the Dirac brackets taking into account these and the corresponding brackets have already been obtained in [49]. The hamiltonian density has the following form: H = 1 2p^+ � 2PP̄ + 2e^{4ϕ} x^′x̄^′ + e^{2ϕ} � P^2_ϕ + (ϕ^′)^2 + P^M P^M + u^{′ M} u^{′ M} +

+ p^{+2}(η^2)^2 + 4p^+η_il^i_j η^j � − −e^{2ϕ} η^iy_{ij} � θ^{′ j} − i √ 2e^ϕ η^j x^′ � − e^{2ϕ} η_iy^{ij} � θ^′_j + i √ 2e^ϕ η_jx^′ � , (3.23)

where a “prime” denotes a derivative with respect to σ and

y_{ij} ≡ � ρ^M � ij u^M ,

l^i_j ≡ i 2 � ρ^{MN}

�_i j u^M P^N . (3.24)

The fundamental Dirac brackets can be determined to be

{P(σ),x̄(σ^′)}_D = δ(σ − σ^′) = {P̄(σ), x(σ^′)}_D = {P_ϕ (σ), ϕ(σ^′)}_D , {P^M (σ), u^N (σ^′)}_D = � δ^{MN} − u^M u^N � δ(σ − σ^′) , {P^M (σ), P^N (σ^′)}_D = � u^M P^N − u^N P^M � δ(σ − σ^′) ,

{θ_i(σ), θ^j (σ^′)}_D = i p^+ δ^j_i δ(σ − σ^′) ,

{x^−_0 , θ_i(σ)}_D = 1 2p^+ θ_i(σ) , {x^−_0 , θ^i(σ)}_D = 1 2p^+ θ^i(σ) . (3.25)

Here x^−_0 is the zero mode of the x^− coordinate. The other brackets can be obtained from (3.25) by replacing � θ_i → η_i; θ^i → η^i � . We note here that the constraint u^M u^M = 1 leads to the secondary constraint P^M u^M = 0 (both are second class constraints) which play a crucial role in studying the integrability properties of the model. Some related interesting and explicit calculations have recently been presented in [52].

4. Algebra of currents without the spectral parameter

In this section we would like to investigate the classical algebra of the currents with the Virasoro constraints (reflecting reparameterization invariance) and the κ-symmetry fixed.

– 10 –

It is not a priori obvious what would result in the light-cone gauge and such an algebra is desirable if one is to obtain the classical r-matrix. In [41] it was shown that (at least in the bosonic sector, when one ignores the difficulties associated with the κ-symmetry) the algebra is closed. However, the Virasoro constraints were not completely fixed there and the algebra, although closed, contained undesirable Schwinger terms. As pointed out in the introduction, the presence of such terms in the algebra of the flat currents leads to ambiguities in the computation of brackets between the transition matrices. This, in turn, prevents one from determining the classical r-matrix of the theory. Therefore, one needs to regularize such terms. There already exist several regularization schemes [54, 55, 40]. The most intriguing (and interesting) possibility has been outlined in the original work by Faddeev and Reshetikhin [40] where one introduces a reduced model “by hand”, equivalent to that of the two interacting spins, and only in the end a relation between the quantum version of the reduced model and the original classical system (with the use of the Schwinger theorem) is argued in a limiting manner. This reduced system is still an interesting model to study on its own, and may turn out to be quite important after one fully understands the limiting procedure. It is quite remarkable that the F R model has resurfaced in the context of the AdS string [37], namely, the string in AdS_1 ×S^3 background can be written exactly as the F R model of the two interacting spins. The key point of this construction is to recognize that the Virasoro constraints in this model coincide exactly with the ones introduced by Faddeev and Reshetikhin to reduce the original system (of the principal SU(2) chiral model). In other words, there is no need to impose any condition “by hand” since the Virasoro conditions do exactly that. Motivated by these observations, it is important to analyze the effects of the Virasoro constraints when the string moves on the AdS_5 × S^5 background. The ultimate goal is to elucidate whether fixing completely the reparametrization invariance will lead to some sort of well-defined spin system as it happens in the AdS_1 × S^3 background.

Before we proceed, let us note that for simplicity we will employ an index free tensor notation following [56] defined as 1 A = A ⊗ I ,^2B = I ⊗ B , (4.1)

where (A ⊗ B)_{ij,km} = A_{ik}B_{jm} . (4.2)

In these notations, our goal is to calculate {^{(1)}J_1(t_{1,}σ),^{(2)}J_1(t_{2,}σ^′)}_D, where t_i is the spectral parameter, after the reparametrization and the κ-symmetry have been fixed as described in the previous section. To avoid technical complications and to illustrate the essential points, we restrict ourselves in this paper to the bosonic case and will present the full supersymmetric case in a separate publication. Let us collect the set of the light-cone generators as follows:

T_a = − � P^− , P^+, P^x, P^x, D, J^i_j � , a = 1, 2, . . . , 6 . (4.3)

– 11 –

Then, one can write the components of the current in the following form:

J_0 ≡ A^aT_a , (4.4) J_1 ≡ B^aT_a . (4.5)

The explicit form of the coefficient functions A^a and B^a can be determined using the Cartan 1-forms in the light-cone fixed gauge (see previous section). We collect below the forms of A^a and B^a which can be written as functions of the coordinates and momenta only:

A^1 = e^ϕ ,

A^2 = − e^ϕ 2 (p^+)^2 � 2PP + 2e^{4ϕ} x^′x^′ + e^{2ϕ} � P^2_ϕ + (ϕ^′)^2 + P^2_M + u^{′ M} u^{′ M} � , A^3 = e^ϕ p^+

P , A^4 = e^ϕ p^+

P , A^5 = e^{2ϕ} p^+

P_ϕ ,

A^6 = e^{2ϕ} 2 (1 + u^6) p^+ � ρ^6 ^ρ^{MN} ρ^6P^M u^N − ρ^Aρ^6P^A � , (4.6) and B^1 = 0 ,

B^2 = − e^ϕ p^+ � Px^′ + Px^′ + P_ϕ ϕ^′ + P_M u^{′ M} � , B^3 = e^ϕ x^′ , B^4 = e^ϕ x^′ , B^5 = ϕ^′ ,

B^6 = 1 2 (1 + u^6) � ρ^6 ^ρ^{MN} ρ^6u^{′ M} u^N − ρ^Aρ^6u^{′ A} � , (4.7)

where a “prime” denotes differentiation with respect to σ.

Using various relations listed in appendix B one finds that the flat current (2.16) Ĵ_1(σ, t) can be written as

Ĵ_1(t) = H_1 + 1 + t^2 1 − t^2

P_1 + 2t 1 − t^2

∗P_1 , (4.8)

where^4

H_1 = B^2 � 1 2 P^+ + K^+ � + B^3 � 1 2 P̄ + K̄ � + B^4 � 1 2 P + K � + B^{6i}_j 1 2 (J^j_i + ρ^{6jk}ρ^6_{il}J^l_k) ,

P_1 = B^2 � 1 2 P^+ − K^+ � + B^3 � 1 2 P̄ − K̄ � + B^4 � 1 2 P − K � + +B^5D + B^{6i}_j 1 2 (J^j_i − ρ^{6jk}ρ^6_{il}J^l_k) ,

∗P_1 = −p^+e^{−2ϕ} � A^1 � 1 2 P^− − K^− � + A^2 � 1 2 P^+ − K^+ � + A^3 � 1 2 P̄ − K̄ � + + A^4 � 1 2 P − K � + A^5D + A^{6i}_j 1 2 (J^j_i − ρ^{6jk}ρ^6_{il}J^l_k) � . (4.9)

4Note that the Hodge dual is defined as^∗ P1 = −p^+e^{−2ϕ} P0.

– 12 –

We can already see that the calculation of the algebra of currents (with the spectral parameter) is rather complicated and one requires the knowledge of the brackets (without the spectral parameter)

{^{(1)}J_0(σ),^{(2)}J_0(σ^′)}_D = {A^a, A^b}_DT_a ⊗ T_b ,

{^{(1)}J_0(σ),^{(2)}J_1(σ^′)}_D = {A^a, B^b}_DT_a ⊗ T_b ,

{^{(1)}J_1(σ),^{(2)}J_1(σ^′)}_D = {B^a, B^b}_DT_a ⊗ T_b . (4.10)

The calculation of {A^a, A^b}_D, {B^a, B^b}_D and {A^a, B^b}_D is in itself quite tedious. But it is even more challenging to express the brackets in terms of A^a and B^a and only then the algebra of the flat currents may have a closed form. This turns out to be a nontrivial problem itself. For instance, as it is seen from the above table, the S^5 coordinates do not enter covariantly in the expressions for A^6 and B^6, namely u^6 appears separately in the denominator. Nevertheless, we have calculated and found that all the brackets, {B^a, B^j }_D, {A^a, B^b}_D and {A^a, A^b}_D, can be written as functions F (A^a, B^a) of A^a and B^a.The simplest case is {B^a, B^b}_D where the nontrivial brackets are given by^5

{B^2, B^3} = e^{ϕ(σ)} p^+

B^3(σ)∂_σ δ(σ − σ^′) ,

{B^2, B^4} = e^{ϕ(σ)} p^+

B^4(σ)∂_σ δ(σ − σ^′) ,

{B^2, B^5} = e^{ϕ(σ)} p^+

B^5(σ)∂_σ δ(σ − σ^′) ,

{B^2, B^6} = e^{ϕ(σ)} p^+

B^6(σ)∂_σ δ(σ − σ^′) ,

{B^2, B^2} = e^{ϕ(σ)} p^+

B^2(σ)∂_σ δ(σ − σ^′) − e^{ϕ(σ ′ )} p^+

B^2(σ^′)∂_σ ′ δ(σ − σ^′) . (4.11)

Using this result, one can show that {^1J_1(σ),^2J_1(σ^′)}_D can be elegantly written in the following form:

{^1J_1(σ),^2J_1(σ^′)}_D = � e^{ϕ(σ)} p^+

P^+ ⊗ J_1(σ) + e^{ϕ(σ ′ )} p^+

J_1(σ^′) ⊗ P^+ � ∂_σ δ(σ − σ^′) . (4.12)

We see that the non-ultralocal terms ∼ ∂_σ δ(σ − σ^′) appear in this algebra with a weight e^{ϕ(σ)} . As we mentioned in the introduction, this is in parallel to the case of two-dimensional sigma models coupled to the dilaton field ρ = e^{ϕ(σ)} , that are obtained from D-dimensional gravity via dimensional reduction. In this case, as was shown in [43], the presence of the dilaton field regularizes the ambiguities in the algebra of the transition matrices arising from

5To avoid cluttered notations, almost everywhere in brackets {F, G}D we omit manifest dependence on the word-sheet coordinate, and assume that the function on the left F = F (σ), and the function on the right G = G(σ^′), i.e. {F, G}D ≡ {F (σ), G(σ^′)}D .

– 13 – the non-ultralocal terms, provided the dilaton satisfies appropriate boundary conditions. The origin of such a regularization can be traced back to the non-trivial dependence of the spectral parameter on the world-sheet coordinates and the dilaton ϕ. In the present case, the spectral parameter is a constant, but in the light-cone gauge the solution of the Virasoro constraints leads to the field ρ ∼ e^{ϕ(σ)} , where ϕ(σ) denotes the radial AdS_5 coordinate. It is, therefore, plausible that the non-ultralocal terms in the present case will not to lead to ambiguities in the algebra of the monodromy matrices. This issue will be analyzed in detail in a separate publication. This is in contrast with what happens if one doesn’t fix the Virasoro constraints. Let us recall that in that case the algebra corresponding to (4.12) has the following form [41]: { 1 Ĵ_1(σ, t_1),^2Ĵ_1(σ^′, t_2)} = � α[Ω_P , (1) Ĵ_1(σ, t_1)] + β[Ω_P ,^{(2)}Ĵ_1(σ, t_2)] + γ[Ω_H ,^{(1)}Ĵ_1(σ, t_1) +

+ (2) Ĵ_1(σ, t_2)] � δ(σ − σ^′) + Λ∂_σ δ(σ − σ^′) , (4.13)

where in the second term Λ = Λ(t_{1,}t_2) is a constant. Therefore, integrating (4.13) will inevitably lead to ambiguities [42, 54, 43].

In the appendices C and D we have collected the remaining brackets {A^a, B^b}_D, and {A^a, A^b}_D. Some of these brackets are rather complicated, however one can readily verify that all potentially dangerous terms are multiplied by e^{ϕ(σ)} and thereby likely to lead to unambiguous algebra for the monodromy matrices much along the lines in [43].

5. Algebra of currents with the spectral parameter

In this section we will collect all the pieces into the calculation of the algebra of the flat current with the spectral parameter (4.8) which leads to the monodromy matrix. Let us redefine the basis of the generators as

t^1_H = 1 2 P^− + K^− , t^2_H = 1 2 P^+ + K^+ , t^3_H = 1 2 P̄ + K̄ ,

t^4_H = 1 2 P + K , t^5_H = 0 , (t^6_H )^j_i = 1 2 (J^j_i + ρ^{jk}ρ_{il}J^l_k) . (5.1) and t^1_P = 1 2 P^− − K^− , t^2_P = 1 2 P^+ − K^+ , t^3_P = 1 2 P̄ − K̄ ,

t^4_P = 1 2 P − K , t^5_P = D , (t^6_P )^j_i = 1 2 (J^j_i − ρ^{jk}ρ_{il}J^l_k) . (5.2)

The one parameter family of flat currents, in this basis, is given by (see 2.16)

Ĵ(t) = H + a(t)P + b(t)^∗P , (5.3)

where a(t) =

1 + t^2 1 − t^2

, b(t) = 2t 1 − t^2

, (5.4)

– 14 – and the components of this can be written in terms of the generators as

H_0 = A^at^a_H , H_1 = B^at^a_H , P_0 = A^at^a_P , P_1 = B^at^a_P , ∗P_1 = −p^+e^{−2ϕ} P_0 = −p^+e^{−2ϕ} A^at^a_P ≡ Ā^at^a_P , (5.5)

where the sum runs from a=1 to 6.

In this basis, the result of the calculation { 1 Ĵ_1(σ, t_1),^2Ĵ_1(σ ′, t_2)}_D can be written as6

{ 1 Ĵ_1(σ, t_1),^2Ĵ_1(σ^′, t_2)}_D = −b(t_1)t^2_P ⊗ [ Ĵ_0(t_2), Ĵ_1(t_2)]e^{−ϕ} δ(σ − σ^′) +

+b(t_2)[Ĵ_0(t_1), Ĵ_1(t_1)] ⊗ t^2_P e^{−ϕ} δ(σ − σ^′) − −b(t_1)t^5_p ⊗ Ĵ_1(−t_2)δ(σ − σ^′) + b(t_2)Ĵ_1(−t_1) ⊗ t^5_P δ(σ − σ^′) +

+t^2_H ⊗ Ĵ_1(t_2) e^ϕ p^+

∂δ(σ − σ^′) + Ĵ^′_1(t_1) ⊗ t^2_H e^{ϕ ′} p^+

∂δ(σ − σ^′) +

+a(t_1)t^2_P ⊗ Ĵ_1(t_2) e^ϕ p^+

∂δ(σ − σ^′) + a(t_2)Ĵ^′_1(t_1) ⊗

⊗t^2_P e^{ϕ ′} p^+

∂δ(σ − σ^′) − b(t_1)t^2_P ⊗ Ĵ_0(t_2)e^{−ϕ} ∂δ(σ − σ^′) −

−b(t_2)Ĵ^′_0(t_1) ⊗ t^2_P e^{−ϕ ′} ∂δ(σ − σ^′) + Λ_1(t_1, t_2)e^{−ϕ} e^{ϕ ′} ∂δ(σ − σ^′) + +Λ_2(t_1, t_2)e^{−ϕ ′} e^ϕ ∂δ(σ − σ^′) + � S^5 � , (5.6)

where Λ_{1,2}(t_1, t_2) are constants depending on the spectral parameters (t_1, t_2), and � S^5 � represents terms depending only on e^{ϕ(σ)} and coordinates u^M parameterizing S^5. The explicit form of these terms is presented in the appendix E. This algebra has a closed form structure similar to (4.13), but in this case the non-ultralocal terms are multiplied by a weight factor e^ϕ . In the Dirac bracket (5.6), the terms involving the AdS_5 variables have a nice algebraic structure whereas the other terms � S^5 � have a complicated form (see appendix E), which, however, can be simplified in some subsectors. We could not find a simpler expression for this part in general, although it may be possible to simplify this term by choosing a different parametrization or by making a gauge transformation (as, for example, is done in [18] where one makes a gauge transformation to get rid of non-local fields in the Lax pair).^7

6. Conclusion

In this paper, we have studied the algebra of flat currents for the string on AdS_5 × S^5 background in the light-cone gauge with the κ symmetry fixed. We show that the currents

6Here we suppress the dependence on σ and use the notations ϕ^′ ≡ ϕ(σ^′), J^′_1(t) ≡ J 1(σ^′, t). 7We note here that the ` S^5 ´ part involves (see appendix E) the matrix U defined in (3.14) which can also be expressed in terms of components of the current J1(σ), namely, in terms of A^6 and B^6 given in (4.6), (4.7) respectively, as a path-ordered integral. The dependence on the weight factor e^ϕ arises due to the presence of such a factor in A^6. As a result, all the non-ultralocal terms are multiplied by weight factors of the form e^{ϕ(σ)} .

– 15 – form a closed algebra and present some explicit calculations. We point out that all the non-ultralocal terms are multiplied by weight factors e^{ϕ(σ)} . From earlier results for sigma models coupled to gravity via dilaton field, this suggests that such terms are unlikely to lead to ambiguities when integrated. Further investigation of such questions including the Yangian algebra associated with the system is presently under way and will be reported later.

A. Properties of psu(2, 2|4)

In this section we discuss some of the essential properties of the superalgebra psu(2, 2|4) [57 – 61]. Since we are interested in a supersymmetric field theory, we assume that the algebra is defined on a Grassmann space, psu(2, 2|4; CB_L). We represent an element of this superalgebra by an even supermatrix of the form G = � A X Y B � , (A.1)

where A and B are matrices with Grassmann even functions while X and Y are those with Grassmann odd functions, each representing a 4 × 4 matrix. (An odd supermatrix, on the other hand, has the same form, with A and B consisting of Grassmann odd functions while Xand Y consisting of Grassmann even functions.)

An element G (see A.1) of the superalgebra psu(2, 2|4; CB_L) is given by a 8 × 8 matrix, satisfying

GK + KG^‡ = 0 , (A.2) trA = trB = 0 , (A.3)

where K = „ Σ 0 0 I_4 « and Σ = σ_3 ⊗ I_2 with I_2, I_4 representing the identity matrix in 2 and 4 dimensions respectively. The ‡ is defined by

G^‡ = G^{T♯} , (A.4)

where T denotes transposition and ♯ is a generalization of complex conjugation which acts on the functions c of the matrices as

c^♯ = � c^∗ (for c Grassmann even) −ic^∗ (for c Grassmann odd)

. (A.5)

The condition (A.2) can be written explicitly as

ΣA^† + AΣ = 0 , B^† + B = 0 , X − iΣY^† = 0 . (A.6)

The essential feature of the superalgebra psu(2, 2|4) is that it admits a Z_4 automorphism such that the condition Z_4(H) = H determines the maximal subgroup to be SO(4, 1) × SO(5) which leads to the definition of the coset for the sigma model. (This is the generalization of the Z_2 automorphism of bosonic sigma models to the supersymmetric

– 16 – case.) The Z_4 automorphism Ω takes an element of psu(2, 2|4) to another, G → Ω(G), such that Ω(G) = � JA^TJ −JY^TJ JX^TJ JB^TJ � , (A.7)

where J = „ 0 −1 1 0 « . It follows now that Ω^4(G) = G.

Since Ω^4 = 1, the eigenvalues of Ω are i^p with p = 0, 1, 2, 3. Therefore, we can decompose the superalgebra as G = H_0 ⊕ H_1 ⊕ H_2 ⊕ H_3 , (A.8) where H_p denotes the eigenspace of Ω such that if H_p ∈ H_p, then Ω(H_p) = i^pH_p . (A.9) We have already noted that Ω(H_0) = H_0 determines H_0 = SO(4, 1)×SO(5). H_2 represents the remaining bosonic generators of the superalgebra while H_1, H_3 consist of the fermionic generators of the algebra. (In a bosonic sigma model, H_0, H_2 are represented respectively as Q, P .) The automorphism also implies that [H_p, H_q] ∈ H_{p+q}(mod 4) . (A.10)

The space H_p is spanned by the generators (t_p)_A of the superalgebra so that we can explicitly write G = (H_p)^A(t_p)_A = (H_0)^m(t_0)_m + (H_1)^{α 1} (t_1)_{α 1} + (H_2)^A(t_2)_A + (H_3)^{α 2} (t_3)_{α 2} , (A.11) where A = (m, α_1, a, α_2) take values over all the generators of the superalgebra, (H_0)^m and (H_2)^A are Grassmann even functions, while (H_1)^{α1} and (H_3)^{α2} are Grassmann odd functions. The generators satisfy the graded algebra psu(2, 2|4), [(t_p)_A, (t_q)_B ] = f^C_{AB} (t_{p+q})_C , (A.12) where p + q on the right hand side is to be understood modulo 4.

The Killing form (or the bilinear form) ⟨H_p, H_q⟩ is also Z_4 invariant so that ⟨Ω (H_p) , Ω (H_q)⟩ = ⟨H_p, H_q⟩ . (A.13) This implies that i^{(p+q)}⟨H_p, H_q⟩ = ⟨H_p, H_q⟩ , (A.14) which leads to ⟨H_p, H_q⟩ = 0 unless p + q = 0 (mod4) . (A.15) Since the supertrace of a supermatrix M is defined as

str(M) = � trA − trB (if M is an even supermatrix) trA + trB (if M is an odd supermatrix)

, (A.16)

– 17 – and the metric of the algebra is defined as G_{AB} = str((t_p)_A(t_q)_B ), the above relation also implies that only the components G_{mn}, G_{ab}, G_{α 1 α 2} = −G_{α 2α 1} of the metric are non-zero. The structure constants possess the graded anti-symmetry property

f^D_{AB}G_{DC} = −(−)^{|A||B|}f^D_{BA}G_{DC} = −(−)^{|B||C|}f^D_{AC} G_{DB} , (A.17)

where |A| denotes the Garssmann parity of A, namely, |A| is 0 when A is m or a, while |A| is 1 when A is α_1 or α_2.

B. Properties of so(3, 1) ⊕ su(4)

We list here some relations between the generators and the Cartan 1-forms of the psu(2, 2|4) algebra written in so(3, 1) ⊕ su(4) and so(4, 1) ⊕ so(5) basis.

P^a = P̂^a + Ĵ^{4a} , K^a = 1 2 � − P̂^a + Ĵ^{4a} � , D = − P̂^4 ,

J^i_j = − i 2 � γ^{A′}

�_i j P^{A′} + 1 4 � γ^{A′B′}

�_i j J^{A′B′} ,

L̂^a = L^a_P − 1 2 L^a_K , L̂^{4a} = L^a_P + 1 2 L^a_K , L̂^4 = −L_D , L̂^{ab} = L^{ab}

L^i_j = i 2 � γ^{A′}

�_i j L^{A′} − 1 4 � γ^{A′B′}

�_i j L^{A′B′} ,

L^{A′} = − i 2 � γ^{A′}

�_i j L^j_i , L^{A′B′} = 1 2 � γ^{A′B′}

�_i j L^j_i .

C. {A^a, B^b}_D

We list here all the results for {A^a, B^b}_D.

1. {A^1, B^1}_D = {A^2, B^1}_D = · · · = {A^6, B^1}_D = 0.

2. {A^1, B^2}_D =^{eϕ(σ)}_{p+} A^1(σ)B^5(σ)δ(σ − σ^′).

3. {A^2, B^2}_D = −^{eϕ(σ)}_{p+} B^2A^5δ(σ − σ^′) −^{eϕ(σ ′)}_{p+} � A^2(σ) + A^2(σ^′) � ∂_σ ′ δ(σ − σ^′).

4. {A^3, B^2}_D = −^{eϕ(σ ′)}_{p+} A^3(σ^′)∂_σ ′ δ(σ − σ^′).

5. {A^4, B^2}_D = −^{eϕ(σ ′)}_{p+} A^4(σ^′)∂_σ ′ δ(σ − σ^′).

6. {A^5, B^2}_D =^{e2ϕ(σ)}_{p+} B^2(σ)δ(σ − σ^′) −^{eϕ(σ ′)}_{p+} A^5(σ^′)∂_σ ′ δ(σ − σ^′).

7. {A^6, B^2}_D = −^{eϕ(σ ′)}_{p+} A^6(σ^′)∂_σ ′ δ(σ − σ^′).

8. {A^1, B^3}_D = 0.

9. {A^2, B^3}_D = −^{eϕ(σ)}_{p+} B^3(σ)A^5(σ)δ(σ − σ^′) −^{eϕ(σ ′)}_{p+} A^3(σ)∂_σ ′ δ(σ − σ^′).

10. {A^3, B^3}_D = 0.

– 18 –

11. {A^4, B^3}_D =^{eϕ(σ) eϕ(σ ′)}_{p+} ∂_σ ′ δ(σ − σ^′).

12. {A^5, B^3}_D =^{e2ϕ(σ)}_{p+} B^3(σ)δ(σ − σ^′).

13. {A^6, B^3}_D = 0.

14. {A^1, B^4}_D = 0.

15. {A^2, B^4}_D = −^{eϕ(σ)}_{p+} B^4(σ)A^5(σ)δ(σ − σ^′) −^{eϕ(σ ′)}_{p+} A^4(σ)∂_σ ′ δ(σ − σ^′).

16. {A^3, B^4}_D =^{eϕ(σ) eϕ(σ ′)}_{p+} ∂_σ ′ δ(σ − σ^′).

17. {A^4, B^4}_D = 0.

18. {A^5, B^4}_D =^{e2ϕ(σ)}_{p+} B^4(σ)δ(σ − σ^′).

19. {A^6, B^4}_D = 0.

20. {A^1, B^5}_D = 0.

21. {A^2, B^5}_D = −^{eϕ(σ)}_{p+} A^5(σ)∂_σ ′ δ(σ − σ^′).

22. {A^3, B^5}_D = 0.

23. {A^4, B^5}_D = 0.

24. {A^5, B^5}_D =^{e2ϕ(σ)}_{p+} ∂_σ ′ δ(σ − σ^′).

25. {A^6, B^5}_D = 0.

26. {A^1, B^6}_D = 0.

27. {A^2, B^6}_D =^{eϕ(σ)}_{p+} � B^6A^6 − A^6B^6 � δ(σ − σ^′) +^{eϕ(σ)}_{p+} A^6(σ)∂_σ δ(σ − σ^′).

28. {A^3, B^6}_D = {A^4, B^6}_D = {A^5, B^6}_D = 0.

29. { � A^6

�_i j , � B^6

�_k m}_D = Ω^{ik}_{jm}(σ)∂_σ ′ δ(σ−σ^′ )− � Ω^{ik}_{jn} � B^6

�_n m − � B^6

�_k n Ω^{in}_{jm} � δ(σ−σ^′ ), where

Ω^{ik}_{jm} = −

4e^{2ϕ(σ)} p^+ � � � γ^AU^{−1}

�_i j T r(U) � γ^AU^{−1}

�_k m T r(U) � � . (C.1)

We note that we have used

B^6 = (∂_σ U) U^{−1} , A^6 = (∂_τ U) U^{−1} ,

U ≡ exp � i 2 γ^Ay^A � = cos � � y 2 � � + iγ_An_A sin � � �y 2 � � ,

U^{−1} = exp � − i 2 γ^Ay^A � = cos � � y 2 � � � � − iγ^An^A sin � � y 2 � � � � , n^A = y^A |y| , |y| = � y^Ay^A , � n^A

�_2

= 1 ,

γ^A = iρ^Aρ^6 , A = 1 . . . 5 ; i, j = 1 . . . 4 . (C.2)

– 19 –

D. {A^a, A^b}_D We list here all the results for {A^a, A^b}_D.

1. {A^1, A^1}_D = 0.

2. {A^2, A^1}_D = −^{eϕ(σ)}_{p+} A^1(σ)A^5(σ)δ(σ − σ^′). 3. {A^3, A^1}_D = 0. 4. {A^4, A^1}_D = 0.

5. {A^5, A^1}_D =^{e2ϕ(σ)}_{p+} A^1(σ)δ(σ − σ^′). 6. {A^6, A^1}_D = 0.

7. {A^2, A^2}_D = −^{e5ϕ(σ)}_{(p+)3} B^2(σ)∂_σ ′ δ(σ − σ^′) −^{e5ϕ(σ ′)}_{(p+)3} B^2(σ^′)∂_σ ′ δ(σ − σ^′). 8. {A^3, A^2}_D = −^{e5ϕ(σ ′)}_{(p+)3} B^3(σ^′)∂_σ ′ δ(σ − σ^′) +^{eϕ(σ)}_{(p+)} A^3A^5δ(σ − σ^′) −^{e5ϕ(σ)}_{(p+)3} B^3B^5δ(σ − σ^′). 9. {A^4, A^2}_D = −^{e5ϕ(σ ′)}_{(p+)3} B^4(σ^′)∂_σ ′ δ(σ − σ^′) +^{eϕ(σ)}_{(p+)} A^4A^5δ(σ − σ^′) −^{e5ϕ(σ)}_{(p+)3} B^4B^5δ(σ − σ^′). 10. {A^5, A^2}_D = 3^{e2ϕ(σ)}_{p+} A^2δ(σ − σ^′) + 2^{eϕ(σ)}_{p+} A^3A^4δ(σ − σ^′) − 2^{e5ϕ(σ)}_{(p+)3} B^3B^4δ(σ − σ^′) + 2^{eϕ(σ)}_{p+} � A^5

�_2

δ(σ − σ^′) −^{e5ϕ(σ ′)}_{(p+)3} B^5(σ^′)∂_σ ′ δ(σ − σ^′) − 2^{e5ϕ(σ)}_{(p+)3} � B^5

�_2 δ(σ − σ^′).

11. {A^6, A^2}_D = −^{e6ϕ(σ ′)}_{(p+)3} B^6(σ^′)∂_σ ′ δ(σ − σ^′) + 2^{e2ϕ(σ)}_{(p+)} � A^5A^6 − B^5B^6 � δ(σ − σ^′)+

e^{2ϕ(σ)} 2(p^+)

�_{A6U −1 A6U −1 +A6U −2 A6+} (A^6)^2U^2+UA^6U^{−1} A^6U^2

(1+u^6) � δ(σ − σ^′)−

e^{2ϕ(σ)} 2(p^+)

�_{B6U −1 B6U −1 +B6U −2 B6+} (B^6)^2U^2+UB^6U^{−1} B^6U^2

(1+u^6) � δ(σ − σ^′).

12. {A^3, A^3}_D = 0. 13. {A^4, A^3}_D = 0.

14. {A^5, A^3}_D =^{e2ϕ(σ)}_{p+} A^3(σ)δ(σ − σ^′). 15. {A^6, A^3}_D = 0. 16. {A^4, A^4}_D = 0.

17. {A^5, A^4}_D =^{e2ϕ(σ)}_{p+} A^4(σ)δ(σ − σ^′). 18. {A^6, A^4}_D = 0. 19. {A^5, A^5}_D = 0.

20. {A^6, A^5}_D = −2^{e2ϕ(σ)}_{p+} A^6(σ)δ(σ − σ^′).

– 20 –

21. {(A^6)^i_j , (A^6)^k_m}_D =^{e2ϕ(σ)}_{2p+} � − [(A^6U+UA^6)Uγ^A]^i_j [γ^AU^{−1} ]^k_m √ 2(1+u^6)^{3/2} +

[(A^6U+UA^6)Uγ^A]^k_m[γ^AU^{−1} ]^i_j √ 2(1+u^6)^{3/2} +

(A^6)^i_j (U^{−1} )^k_m √ 2 √_{(1+u6)} −

(A^6)^k_m(U^{−1} )^i_j √ 2 √_{(1+u6)} � δ(σ − σ^′).

In relations 11 and 21 one should replace (1+u^6) using one of the following expressions: � (1 + u^6) = √ 2 4 Tr(U) , (D.1) or 1 + u^6 = 1 2 � U + U^{−1}

�_2

. (D.2)

E. Expression for (S^5)

Λ_1(t_1, t_2) = b(t_1)(t^1_P ⊗ t^2_H + t^2_P ⊗ t^1_H + t^3_P ⊗ t^4_H + t^4_P ⊗ t^3_H ) + +b(t_1)a(t_2)(t^1_P ⊗ t^2_P + t^2_P ⊗ t^1_P + t^3_P ⊗ t^4_P + t^4_P ⊗ t^3_P + t^5_P ⊗ t^5_P ) Λ_2(t_1, t_2) = b(t_2)(t^1_H ⊗ t^2_P + t^2_H ⊗ t^1_P + t^3_H ⊗ t^4_P + t^4_H ⊗ t^3_P ) + +b(t_2)a(t_1)(t^1_P ⊗ t^2_P + t^2_P ⊗ t^1_P + t^3_P ⊗ t^4_P + t^4_P ⊗ t^3_P + t^5_P ⊗ t^5_P ) (S^5) = b(t_1)t^5_p ⊗ � B^6t^6_H + a(t_2)B^6t^6_P − b(t_2)Ā^6t^6_P � δ(σ − σ^′) − −b(t_2) � B^6t^6_H + a(t_1)B^6t^6_P − b(t_1)Ā^6t^6_P � ⊗ t^5_P δ(σ − σ^′) +

+b(t_1)t^2_P ⊗ ( Ā^{6k}_m(B^6)^j_nρ^{mn}ρ_{ki}(t^6_H )^i_j ) e^ϕ p^+ δ(σ − σ^′) −

−b(t_2)(Ā^{6k}_m(B^6)^j_nρ^{mn}ρ_{ki}(t^6_H )^i_j) ⊗ t^2_P e^ϕ p^+ δ(σ − σ^′) − − 1 2 b(t_1)a(t_2)t^2_P ⊗ � Ā6^k_m(B6)j_nρmnρ_{ki} − (B 6)k_mĀ6^j_nρmnρ_{ki} +

+ Ā^{6m}_i (B^6)^n_k ρ_{mn}ρ^{kj} − (B^6)^m_i Ā^{6n}_k ρ_{mn}ρ^{kj} � × ×(t^6_P )^i_j e^ϕ p^+ δ(σ − σ^′) + 1 2 b(t_2)a(t_1) � Ā6^k_m(B6)j_nρmnρ_{ki} − (B 6)k_mĀ6^j_nρmnρ_{ki} +

+ Ā^{6m}_i (B^6)^n_k ρ_{mn}ρ^{kj} − (B^6)^m_i Ā^{6n}_k ρ_{mn}ρ^{kj} � × ×(t^6_P )^i_j ⊗ t^2_P e^ϕ p^+ δ(σ − σ^′) +

+b(t_1)b(t_2) � 1 1 + u^6 � Ā^6U^{−1} Ā^6U^{−1} + Ā^6U^{−2} Ā^6 + (Ā^6)^2U^2 +

+ UĀ^6U^{−1} Ā^6U^2 − B^6U^{−1} B^6U^{−1} − B^6U^{−2} B^6 −

− (B^6)^2U^2 − UB^6U^{−1} B^6U^2

�_i j (t^6_P )^j_i ⊗, t^2_P � e^ϕ 2p^+ δ(σ − σ^′)+

+b(t_1){(Ā^6)^i_j , (B^{′6})^k_l }(t^6_P )^j_i ⊗ (t^6_H )^l_k + b(t_2){(B^6)^k_l , (Ā^{′6})^i_j}(t^6_H )^l_k ⊗ (t^6_P )^j_i + +b(t_1)a(t_2){(Ā^6)^i_j , (B^{′6})^k_l }(t^6_P )^j_i ⊗ (t^6_P )^l_k + b(t_2)a(t_1){(B^6)^k_l , (Ā^{′6})^i_j }(t^6_P )^l_k ⊗ ⊗(t^6_P )^j_i + b(t_1)b(t_2){(Ā^6)^i_j , (Ā^{′6})^k_l }(t^6_P )^j_i ⊗ (t^6_P )^l_k .

– 21 –

Acknowledgments

One of us (A.M.) would like to thank Abhishek Agarwal for many helpful discussions. M.S. would also like to thank A. Agarwal, T. Asakawa, D. Korotkin, K. Ohta, Y. Okawa, K. Yoshida for useful discussions. This work is supported in part by US DOE Grant No. DE-FG 02-91ER40685.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[4] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[5] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[6] J.A. Minahan and K. Zarembo, The Bethe-Ansatz for N = 4 super Yang-Mills, JHEP 03 (2003) 013 [hep-th/0212208].

[7] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5 × S^5 superstring, Phys.

Rev. D 69 (2004) 046002 [hep-th/0305116].

[8] M. Hatsuda and K. Yoshida, Classical integrability and super Yangian of superstring on AdS_5 × S^5, hep-th/0407044.

[9] L. Dolan, C.R. Nappi and E. Witten, A relation between approaches to integrability in superconformal Yang-Mills theory, JHEP 10 (2003) 017 [hep-th/0308089].

[10] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys. B 670 (2003) 439 [hep-th/0307042].

[11] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 664 (2003) 131 [hep-th/0303060].

[12] N. Beisert, S. Frolov, M. Staudacher and A.A. Tseytlin, Precision spectroscopy of AdS/CFT, JHEP 10 (2003) 037 [hep-th/0308117].

[13] G. Arutyunov and M. Staudacher, Matching higher conserved charges for strings and spins, JHEP 03 (2004) 004 [hep-th/0310182].

[14] G. Arutyunov, S. Frolov, J. Russo and A.A. Tseytlin, Spinning strings in AdS_5 × S^5 and integrable systems, Nucl. Phys. B 671 (2003) 3 [hep-th/0307191].

[15] G. Arutyunov and M. Staudacher, Two-loop commuting charges and the string/gauge duality,

hep-th/0403077.

[16] N. Beisert, Higher-loop integrability in N = 4 gauge theory, Comptes Rendus Physique 5 (2004) 1039–1048 [hep-th/0409147].

– 22 –

[17] S. Frolov and A.A. Tseytlin, Multi-spin string solutions in AdS_5 × S^5, Nucl. Phys. B 668 (2003) 77 [hep-th/0304255].

[18] G. Arutyunov and S. Frolov, Integrable hamiltonian for classical strings on AdS_5 × S^5, JHEP 02 (2005) 059 [hep-th/0411089].

[19] I.J. Swanson, Quantum string integrability and AdS/CFT, Nucl. Phys. B 709 (2005) 443 [hep-th/0410282].

[20] L.F. Alday, G. Arutyunov and S. Frolov, New integrable system of 2dim fermions from strings on AdS_5 × S^5, hep-th/0508140.

[21] G. Arutyunov and M. Zamaklar, Linking baecklund and monodromy charges for strings on AdS_5 × S^5, JHEP 07 (2005) 026 [hep-th/0504144].

[22] A. Agarwal, Comments on higher loop integrability in the SU(1|1) sector of N = 4 SYM:

lessons from the SU(2) sector, hep-th/0506095.

[23] A. Agarwal and G. Ferretti, Higher charges in dynamical spin chains for SYM theory,

hep-th/0508138.

[24] A. Agarwal and S.G. Rajeev, The dilatation operator of N = 4 SYM and classical limits of spin chains and matrix models, Mod. Phys. Lett. A 19 (2004) 2549 [hep-th/0405116].

[25] J. Maharana, NSR string in AdS_3 backgrounds: nonlocal charges, Mod. Phys. Lett. A 20 (2005) 2317 [hep-th/0501162].

[26] A.V. Belitsky, S.E. Derkachov, G.P. Korchemsky and A.N. Manashov, Quantum integrability in (super)Yang-Mills theory on the light-cone, Phys. Lett. B 594 (2004) 385 [hep-th/0403085].

[27] A.V. Belitsky, S.E. Derkachov, G.P. Korchemsky and A.N. Manashov, Dilatation operator in (super-)Yang-Mills theories on the light-cone, Nucl. Phys. B 708 (2005) 115 [hep-th/0409120].

[28] A.V. Belitsky, G.P. Korchemsky and D. Mueller, Integrability in Yang-Mills theory on the light cone beyond leading order, Phys. Rev. Lett. 94 (2005) 151603 [hep-th/0412054].

[29] I.J. Swanson, Superstring holography and integrability in AdS_5 × S^5, hep-th/0505028. [30] J. Plefka, Spinning strings and integrable spin chains in the AdS/CFT correspondence,

hep-th/0507136.

[31] N. Beisert, The dilatation operator of N = 4 super Yang-Mills theory and integrability, Phys.

Rept. 405 (2005) 1 [hep-th/0407277].

[32] A.A. Tseytlin, Semiclassical strings and AdS/CFT, hep-th/0409296. [33] A.A. Tseytlin, Spinning strings and AdS/CFT duality, hep-th/0311139. [34] A.V. Belitsky, V.M. Braun, A.S. Gorsky and G.P. Korchemsky, Integrability in QCD and beyond, Int. J. Mod. Phys. A 19 (2004) 4715 [hep-th/0407232].

[35] N. Beisert, V. Dippel and M. Staudacher, A novel long range spin chain and planar N = 4 super Yang-Mills, JHEP 07 (2004) 075 [hep-th/0405001].

[36] N. Beisert and M. Staudacher, Long-range PSU(2, 2|4) Bethe ansaetze for gauge theory and strings, Nucl. Phys. B 727 (2005) 1 [hep-th/0504190].

– 23 –

[37] V.A. Kazakov, A. Marshakov, J.A. Minahan and K. Zarembo, Classical/quantum integrability in AdS/CFT, JHEP 05 (2004) 024 [hep-th/0402207].

[38] N. Beisert, V.A. Kazakov, K. Sakai and K. Zarembo, The algebraic curve of classical superstrings on AdS_5 × S^5, hep-th/0502226.

[39] G. Arutyunov, S. Frolov and M. Staudacher, Bethe ansatz for quantum strings, JHEP 10 (2004) 016 [hep-th/0406256].

[40] L.D. Faddeev and N.Y. Reshetikhin, Integrability of the principal chiral field model in (1 + 1)-dimension, Ann. Phys. (NY) 167 (1986) 227.

[41] A. Das, J. Maharana, A. Melikyan and M. Sato, The algebra of transition matrices for the AdS_5 × S^5 superstring, JHEP 12 (2004) 055 [hep-th/0411200].

[42] H.J. de Vega, H. Eichenherr, and J.M. Maillet, Classical and quantum algebras of nonlocal charges in sigma models, Commun. Math. Phys. 92 (1984) 507.

[43] D. Korotkin and H. Samtleben, Yangian symmetry in integrable quantum gravity, Nucl. Phys.

B 527 (1998) 657 [hep-th/9710210].

[44] R.R. Metsaev and A.A. Tseytlin, Type-IIB superstring action in AdS_5 × S^5 background, Nucl. Phys. B 533 (1998) 109 [hep-th/9805028].

[45] R. Kallosh and A.A. Tseytlin, Simplifying superstring action on AdS_5 × S^5, JHEP 10 (1998) 016 [hep-th/9808088].

[46] R. Kallosh and J. Rahmfeld, The GS string action on AdS_5 × S^5, Phys. Lett. B 443 (1998) 143 [hep-th/9808038].

[47] N. Berkovits, Ictp lectures on covariant quantization of the superstring, hep-th/0209059. [48] R.R. Metsaev and A.A. Tseytlin, Superstring action in AdS_5 × S^5: kappa-symmetry light cone gauge, Phys. Rev. D 63 (2001) 046002 [hep-th/0007036].

[49] R.R. Metsaev, C.B. Thorn and A.A. Tseytlin, Light-cone superstring in AdS space-time, Nucl. Phys. B 596 (2001) 151 [hep-th/0009171].

[50] G.T. Horowitz and A.R. Steif, Strings in strong gravitational fields, Phys. Rev. D 42 (1990) 1950.

[51] R.E. Rudd, Light cone gauge quantization of 2-D sigma models, Nucl. Phys. B 427 (1994) 81 [hep-th/9402106].

[52] L.F. Alday, G. Arutyunov and A.A. Tseytlin, On integrability of classical superstrings in AdS_5 × S^5, JHEP 07 (2005) 002 [hep-th/0502240].

[53] R. Kallosh, J. Rahmfeld and A. Rajaraman, Near horizon superspace, JHEP 09 (1998) 002 [hep-th/9805217].

[54] J.M. Maillet, New integrable canonical structures in two-dimensional models, Nucl. Phys. B 269 (1986) 54.

[55] A. Duncan, H. Nicolai and M. Niedermaier, On the poisson bracket algebra of monodromy matrices, Z. Physik C 46 (1990) 147.

[56] L.D. Faddeev and L.A. Takhtajan, Hamiltonian methods in the theory of solitons, Springer-Verlag, Berlin 1987.

– 24 –

[57] N. Berkovits, M. Bershadsky, T. Hauer, S. Zhukov and B. Zwiebach, Superstring theory on AdS_2 × S^2 as a coset supermanifold, Nucl. Phys. B 567 (2000) 61 [hep-th/9907200].

[58] M. Bershadsky, S. Zhukov and A. Vaintrob, PSL(n—n) sigma model as a conformal field theory, Nucl. Phys. B 559 (1999) 205 [hep-th/9902180].

[59] V.G. Kac, A sketch of Lie superalgebra theory, Commun. Math. Phys. 53 (1977) 31. [60] B.S. DeWitt, Supermanifolds, Cambridge University Press, Cambridge 1992. [61] J.F. Cornwell, Group theory in physics, vol. 3: supersymmetries and infinite dimensional algebras, Academic Pres, London 1989.

– 25 –